Phase contrast and operation regimes in multifrequency atomic force microscopy Sergio Santos In amplitude modulation atomic force microscopy the attractive and the repulsive force regimes induce phase shifts above and below 90 , respectively. In the more recent multifrequency approach, however, multiple operation regimes have been reported and the theory should be revisited. Here, a theory of phase contrast in multifrequency atomic force microscopy is developed and discussed in terms of energy transfer between modes, energy dissipation and the kinetic energy and energy transfer associated with externally driven harmonics. The single frequency virial that controls the phase shift might undergo transitions in sign while the average force (modal virial) remains positive (negative). Multifrequency atomic force microscopy (AFM) is an emerging 1,2 branch of AFM where two or more frequencies 3, 4 are externally excited in order to map material composition, [5] [6] [7] enhance resolution 8 and sensitivity, [9] [10] [11] and quantify material properties [12] [13] [14] with gentle forces. The theory that controls the response of the cantilever while simultaneously exciting several frequencies and modes however is still emerging 12, 15, 16 and might result complex. 17, 18 Here, possible mechanisms responsible for multiple regimes of operation in multifrequency AFM are discussed from the point of view of energy transfer in the presence of conservative and dissipative interactions. This is in line with recent reports discussing that multiple operation regimes can emerge in multifrequency AFM. [17] [18] [19] We report and discuss from a theoretical point of view and via numerical simulations that phase contrast arises from an interplay between energy dissipation and the kinetic energy, and energy transfer associated with the externally excited frequencies and eigenmodes.
The M equations of motion 20 that account for M cantilever modes can be written in the following way: where the subscript in brackets indicates mode m throughout. Then k (m) , Q (m) , x (m) , and z (m) are the spring constant, quality factor, natural frequency, and position of the m eigenmode. F D is the term standing for the external driving forces. Two external forces with magnitudes F 0(1) and F 0(2) and acting near x (1) and x (2) have been added here as in standard bimodal AFM. 1 The dynamics of the modes are coupled via the non-linear tip-sample force F ts . The absolute position z is the sum of the M modes taken into account in the modal approximation
or frequencies z n
where the subscript without brackets stands for harmonic number n, z 0 is the mean deflection, and A n and / n are the harmonic amplitudes and phases. The approximation implies that N is finite. Furthermore, the modes can also be decomposed into harmonic components
where, z (m)0 is the mean deflection of mode m; suffixes for mode m and harmonic number n are employed as (m)n for amplitudes A (m)n and phases / (m)n . Then, the net energy entering (E T(m) < 0) or leaving (E T(m) > 0) a given cantilever mode m can be written as
where _ z (m) is the time derivative of z (m) and E T(m) stands for net energy transfer (other than that lost to the viscous medium) per cycle via mode m. One can refer to such expression as Energy Transfer. In this work, two mechanisms accounting for E T(m) are identified, namely, (1) energy irreversibly lost in the tip-sample junction from mode m and (2) energy transfer from mode m to any other modes. The first mechanism requires the presence of dissipative forces while the second does not. Another key definition in dynamic AFM is that of the tip-sample virial
where V (m) stands for tip-sample virial of mode m and T is the fundamental period. In general, V (m) might be positive or negative. For simplicity modes 1 and 2, i.e., m ¼ 1 and m ¼ 2, are accounted for in this work as in standard bimodal AFM. 1 A more common 21, 22 definition of (5) and (6) involves the harmonic terms only that coincide with, or lie near the, modal frequencies
where m can take the values 1 and 2 and the corresponding harmonic numbers n are 1 and 6, respectively, and throughout. Furthermore, A 0n are the free amplitudes at x (n ¼ 1) and 6x (n ¼ 6) and it is assumed for simplicity that x (1) % x and x (2) % 6x. Similarly
Next we define the energy terms E n for harmonics n ¼ 1 (m ¼ 1) and n ¼ 6 (m ¼ 2), respectively, as follows:
where KE n stands for kinetic energy and it is computed as the energy associated with the nth harmonic as
Furthermore, E * Tn is related to E Tn in (7) by
Combining these expressions leads to the phase shifts of harmonics 1 and 6 (monitored in bimodal AFM) in terms of the inverse tangent and inverse cosine functions
This expression is equivalent to those derived by others 23, 24 but its interpretation here leads to key results relating to energy transfer and phase contrast as discussed below. In standard AM AFM the fundamental phase shift / 1 might lie above or below 90 in what defines two distinct force regimes, 25 i.e., the attractive and the repulsive regimes, where the average tip-sample force F AV is attractive or repulsive, respectively. From now on, the average force F AV being negative or positive will be employed to define attractive and repulsive force regimes, respectively. The inverse tangent relationship in (12), however, suggest 4 possible combinations or regimes of operation at both harmonics n ¼ 1 (m ¼ 1) and n ¼ 6 (m ¼ 2), respectively. This follows from the fact that both V n in (8) and E n in (9) can, in principle, be positive or negative. A closer look at (12), however, indicates that the sign of the virial alone controls whether the phase lies above or below 90 since the inverse cosine relationship depends on V n only. Then it also follows from the inverse tangent relationship in (12) that it is a necessary condition that E 1 > 0 (m ¼ 1) and that E 6 > 0 (m ¼ 2). This is a main hypothesis in this work, and has some important implications:
(1) First, E * T1 (and E * T6 ) might be negative or positive implying that during the tip-sample interaction energy transfer might be positive or negative at n ¼ 1 and/or n ¼ 6. This is consistent for both conservative and dissipative interactions since no assumptions have been made in terms of the character of the forces. Also note that in monomodal AFM it is required that E * Tn < 0 for n > 1. (2) Second, it necessarily follows from (12) The third point follows directly from the energy conservation principle. Note that the energy dissipated per cycle E dis can be written as
Then, for a conservative system where E dis ¼ 0 it follows that E T(1) ¼ ÀE T (2) . For a more general system, where other eigenmodes are included (M > 2) energy transfers between the M modes when E dis ¼ 0. The energy transfer between modes 1 and 2 is illustrated in Fig. 1 . The expressions above are next compared to the results of numerical integration. In the long range F ts is defined by the Hamaker constant H, the tip radius R, and the tip sample distance d 22
where a 0 (%0.165 nm) is an intermolecular distance. The distance d and the tip position z are related via the cantilever separation z c since d ¼ z c þ z. For Fig. 2 , the parameters are: simplicity and because the corresponding channels A 6 and / 6 provide 1 compositional contrast. With these parameters d always lied above a 0 (d > a 0 ) in the simulations. Thus, the example in Fig. 2 corresponds to bimodal AFM operated in the standard attractive regime where F AV < 0. Note also that in Fig. 2 , F ts is conservative, i.e., E dis ¼ 0. In the figure, the free amplitude of the second mode (sixth harmonic) A 06 has been varied in the range 0.1-5 nm since this is characteristic of standard values in bimodal AFM. 1, 14, 15 Fig. 2(a) Fig. 2(b) ; E 6 > 0 and V 6 > 0 throughout with maxima of 6.2 keV and 0.9 eV, respectively. In terms of the observable / 6 this implies that / 6 > 90 throughout ( Fig.  2(c) ) in accordance with the prediction of (12) . According to the simulations here, these results should be standard in bimodal AFM in the attractive regime where F AV < 0. That is, / 6 > 90 independently of A 06 . Furthermore, from the numerical results it was also verified that E T1 % ÀE T6 , and, more thoroughly, E T(1) ¼ ÀE T (2) exactly. In summary, in the attractive regime the three conditions above are satisfied according to the simulations here. Next, bimodal AFM is operated in the repulsive regime where F AV > 0. For this purpose, a repulsive force 22, 25 is employed when a 0 d À20 J (all other parameters as in Fig. 2 ). The first thing to note from Fig. 3(a) is that E * T6 (circles) goes from negative to positive for A 06 ¼ 2.5-3 nm. Physically this implies that for small values A 06 or KE 6 the energy transferred to n ¼ 6 are positive. However, when KE 6 (squares) is sufficiently large ($1 keV in Fig. 3(a) ) energy transfers from the 6th frequency (mode 2) to other frequencies. The numerical values are provided in Table I . Again Figs. 3(b) and 3(c) confirm that E 6 > 0 and that V 6 alone controls whether / 6 lies above or below 90
. In particular, V 6 becomes negative in Fig. 3 (b) for A 06 ¼ 1.5-2 nm and the phase transition follows (Fig. 3(c) ). Numerical values of the corresponding d and F AV are also given in Table I (discussed below) .
As another test to the theory above, a dissipative force can be added in the contact region 11, 26 
The range of values given to the viscous coefficient g in Fig.  4 is; g ¼ 0, 1, 10, 75, 100, 500, and 1000 Pa s (x-axis). The rest of parameters are as in Fig. 3 except for A 06 which is 1 nm throughout. Fig. 4(a) shows that KE 6 (squares) decreases with increasing g and dissipation (E dis ). The energy transfer E * T6 (circles) goes from negative to positive with increasing g. Again E 6 > 0 (Fig. 4(b) rhombuses) throughout (see Table II ) and the sign of V 6 (crosses) alone defines whether / 6 lies above or below 90 (Fig. 4(c) ). Finally, we note an interesting physical observation. Namely, even if V 6 > 0, and provided F AV > 0, the mode virial in (6) gives V (m) < 0. This implies that / 6 does not follow from the sign of V (m) ; see the corresponding numerical values in Table II and compare V (m) , F AV , / 1 , and / 6 . F AV is also shown in Table I for the results in Fig. 3 where it can be seen that F AV decreases monotonously with increasing A 06 . This however does not imply that the interaction becomes gentle by increasing the amplitude of the second mode in bimodal AFM. On the contrary, the tip-sample deformation d increases monotonously with increasing A 06 ( Table I) . As dissipation increases however, and for a given A 06 , d decreases monotonously with increasing g and E dis (Table II) as in standard AFM. [27] [28] [29] Let us, however, define a modal energy term E (m) similar to that of the frequency term in (9) E ðmÞn ¼ KE n þ E TðmÞ Q ðmÞ 2pn :
The numerical values of (17) are shown in Tables I and II for mode m ¼ 2 and harmonic n ¼ 6. The sign of E (2)6 is now observed to follow the transitions of / 6 as opposed to the sign of the modal virial V (2) and the average force F AV . In summary, phase contrast in bimodal AFM has been discussed in terms of energy transfer between modes, energy dissipation and the kinetic energy, and energy transfer associated with the harmonic component externally driven at mode 2 and close to resonance, here harmonic 6. In the simulations here and in the attractive regime where the average force is negative, the single frequency virial remained positive for the two monitored frequencies and the corresponding phase shifts lied above 90 throughout. On the other hand, in the repulsive regime the single frequency virial, and the corresponding phase shift, might undergo transitions in sign as reported by some. 18, 19 Such transitions might occur even when the average force and the modal virial remain negative. The results should be general for any higher eigenmodes since no assumptions have been made in terms of higher mode number.
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